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The construction of a Hadamard matrix of order n2 from a projective plane of 
order n, n even, is given. Alternative constructions, specialized to the case n = 10, 
from sets of mutually orthogonal Latin squares are also given. Special properties of 
the Hadamard matrices are discussed and a partial example is given in the case 
n= 10. 
1. INTRODUCTION 
The construction of a Hadamard matrix from a projective plane of even 
order has been noted by Bush [ 1 ] and Ryser [2]. Arrange the incidence 
matrix of the plane into the form: 
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Denoting by B the incidence matrix of the residual design formed by deleting 
the first n + 1 rows and initial column of the above, we may form H = 
BDBT, where D=diag(l 1 1 ... 1 -1 -1 -1 a.. -l), the number of -1 
entries being n2/2. 
It may be seen that H is in fact Hadamard. Note that (*) is, in particular, 
a blocked n - 1 by n - 1 matrix of order n permutation matrices. Then 
BTB = ti,,(,+,) +Jntn+,) - (In+, OZ.). Continuing, DBTBD = nZ,,(,,+,) + 
DJ ntn+l,D - (I,+, @J,,). Finally, BDBTBDBT = nBBT + BDJ,,c,,,,DBT - 
B(Z,,+, @ .Z,) BT = n(nZ,* + .Zn2) + .Zn2 - (n + l).Z,,, = n2Z,*. That H is a 
(1, -1) matrix follows from noting that BBT = nZ + .Z and that the inter- 
position of the D term will change only the sign of the off-diagonal elements 
and set the diagonal elements to 1, by virtue of the blocked permutation 
matrix structure of B noted above. 
For a general discussion of block designs, Chapter 10 of Hall [3 1 is 
recommended. 
2. RELATIONSHIP TO ORTHOGONAL LATIN SQUARES 
We will henceforth concentrate on the case n = 10, although the general 
results apply equally to the case of any even n. 
If, in (1, l), we identify the rows and columns of B with points and lines, 
respectively, it is not difficult to see that the positioning of the l’s in H is 
completely determined by the first six pencils of 10 lines each (i.e., the first 
60 columns). Six pencils correspond exactly to four mutually orthogonal 
Latin squares of order 10. 
For a direct construction, number the elements of the Latin squares from 1 
to 100 (say along rows and then columns). For each element of the square, 
construct a row of H by placing l’s in the positions of the 55 elements 
contained in the six lines through the base element (here, line corresponds to 
a row, column or set of elements with identical index in any one Latin 
square). Place -I’s in the positions of the remaining elements. 
Consider the intersection of two distinct sets of 55 elements, constructed 
as above. If the base elements lie on a line, the intersection is 
10 + (5)(4) = 30, one each for the elements of the common line and a single 
intersection for each pair of non-parallel lines, one contained in each set. If 
the base elements do not lie on a line, the intersection is (6)(5) = 30, simply 
one for each pair of non-parallel lines. Thus, in either case, the inner product 
of the corresponding rows of H is 30 - (2)(25) + 20 = 0. We will refer to 
this H as a type 1 Hadamard matrix. 
It is also possible to obtain a Hadamard matrix from three mutually 
orthogonal Latin squares of order 10. Alter D so that the last n(n + 2)/2 
diagonal elements are -1. The matrix H formed thereby remains Hadamard, 
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albeit with altered special properties to be discussed below. Note in 
particular that by negating D, rearranging the pencils (i.e., columns) of B 
and finally the rows, we obtain the same matrix H as before. Since the old 
matrix was Hadamard, the new matrix must be as well. 
We again have a direct construction utilizing the five lines through each 
element of the three mutually orthogonal Latin squares. For each (base) 
element, construct a row of H by placing l’s in the positions of the 45 
elements contained in the lines through the base element, excluding the base 
element itself. The intersection of two distinct sets of 45 elements is 
8 + (4)(3) = 20 if the base elements lie on a line, (5)(4) = 20 if not. In either 
case, the inner product of the corresponding rows is 20 - (2)(25) + 30 = 0. 
The matrix is again Hadamard and we will refer to it as type 2. 
3. SPECIAL PROPERTIES OF H 
The special properties of H, aside from obvious symmetry, follow from the 
form of the planar incidence matrix (1.1) or the corresponding numbering 
scheme of the elements of the mutually orthogonal Latin squares (along rows 
and then columns). 
Let H = (H,), where each H,, is a 10 by 10 submatrix of H formed by 
dividing H at 10 row and 10 column intervals. 
For a type 1 Hadamard matrix, we have 
(la) H,, = J, all i, 
(lb) H,,, i # j, has diagonal entries 1, 
(lc) H,, if j, has row and columns sums zero (5 l’s, 5 --I’s in 
each), 
(Id) x1 H, = 101, all i. 
For a type 2 Hadamard matrix, we have 
(2a) H,, = J - 21, all i, 
(2b) H,, i#j, has diagonal entries 1, 
(2~) H,, i # j, has row and column sums -2 (4 l’s, 6 -1’s in each), 
(2d) c, H, = 101- 2J, all I. 
We will treat the cases simultaneously. The diagonal elements of H are 
clearly (6)( 1) + (5)(-l) = 1 for a type 1 matrix, (5)(l) + (6)(-l) = -1 for a 
type 2 matrix, owing to the blocked permutation matrix structure of B noted 
earlier. Let B’ consist of the first 20 (completely determined) columns of B. 
Then the nonzero, off-diagonal elements of B’B”* will be identical to the 
corresponding elements of H, giving the remainder of (a) and (b). 
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By arguments similar to those earlier, it may be seen that Z-ZB’ = 
BDBTB’ = 1OB’ (type 1) or 1OB’ - 21 (type 2). Further consideration 
reveals this to be equivalent to (c) and (d). 
4. CONSTRUCTION OF PARTIAL EXAMPLE 
Given the special properties listed above, it seems clear that although 
Hadamard matrices of order 100 are known to exist, construction of one 
with the requisite properties (without the use of a set of orthogonal Latin 
squares) may be entirely non-trivial. 
It may therefore be of some interest to tackle the less difficult problem of 
constructing the first 10 rows of H. With even this much of H, it is relatively 
easy to “backtrack,” at least in the case described below, to verify that no set 
of four mutually orthogonal Latin squares will generate the indicated rows. 
We will consider the first 10 rows of a type 1 Hadamard matrix with 
properties as above. Delete the first 10 columns for the moment and replace 
-1’s by 0’s. We now have the incidence matrix of a (b, U, I, k, A) design, with 
b = 90, v = 10, r = 45, k = 5, A = 20. It is natural to consider the possibility 
of repeating each block five times, with the underlying design having 
parameters b = 18, u = 10, I = 9, k = 5, A= 4. This design may be 
constructed as a residual design of a symmetric design with parameters 
v = 19, k = 9, il = 4, derived from a difference set. With some manipulation, 
the blocks turn out as follows: 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (A> @I CC> CD) W (F) (G) WI (0 
111111111000000000 
001010101111001100 
100001110111100010 
010100011111010001 
110001001010111100 
011100100001111010 
101010010100111001 
001101001100100111 
100110100010010111 
010011010001001111 
(4.1) 
These blocks may be grouped in two ways. First, by those blocks having a 
single common element, e.g., blocks l-9 all have element 1 in common. To 
satisfy property (lb), the first column of each Hi,, j > 1, must have one of 
these blocks as its first column. To satisfy property (Id), the sum of all the 
first columns must be (9 4 4 e.. 4)T. This forces each of the blocks l-9 to be 
130 ERIC VERHEIDEN 
used exactly once in a first column. Similar results hold for the other 
columns. 
The second grouping is to choose 10 blocks summing to (5 5 5 e.e 5)r. 
There are, in fact, exactly nine solutions and these are required to form the 
columns of individual H,,, j > 1, to satisfy property (1~). 
The final requirement is to arrange these groupings so as to obtain H,j 
satisfying all of the above. A certain amount of manipulation yields the 
following: 
H,* : 13 7C6EIAG2 
H,, : 2A18G4F3BH 
HI4 : 39B2DH5IlC 
H,,: 47DB2FA65I 
H,,: SC8EB3DG46 
H,,: 6FA9ECl 4H5 
H,, : 7GC4lD89IF 
H,, : 85HA92ED7G 
H 110: gB6IF73HE8 
(4.2) 
As part of the “backtracking” process in the attempt to construct four 
mutually orthogonal Latin squares of order 10, it is necessary to split the 
numbered entries in the last nine columns of (4.2) into four non-intersecting 
transversals. This turns out to be impossible, hence no such set of mutually 
orthogonal Latin squares exists. 
5. CONCLUSIONS 
We have seen the relationships between projective planes of even order (in 
particular, n = lo), relatively large sets of mutually orthogonal Latin squares 
and restricted types of Hadamard matrices. 
It is worthy of note that, with the given set of blocks, the construction of 
the partial Hadamard matrix with the specified properties was virtually 
forced and thus easy to check. The conclusion that the design could not be 
derived from a set of mutually orthogonal Latin squares was even more 
trivial. This also means that the existence of such partial Hadamard matrices 
is a weaker condition that the existence of a set of four mutually orthogonal 
Latin squares. 
It would therefore be of some interest to determine if the class of such 
designs is amenable to exhaustive search and determination of derivability, 
as this would either allow the construction of a larger set of mutually 
orthogonal Latin squares of order 10 than is now known to exist or disprove 
the existence of the plane of order 10. 
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